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Abstract

In a previous paper [10] we have shown numerical evidence that there are traffic patterns
wich generate more loss in a multiplexer than the on-off source. In this paper we derive
mathematical upper and lower bound for two loss measures (Pyss, the cell loss rate and
Psqt, the fraction of time where the multiplexer is saturated) in a buffered multiplexer fed by
homogeneous leaky bucket constrained sources. Using these bounds we prove that the on-off
source is not the worst case traffic pattern. We demonstrate that the so-called sym pattern
generates both higher Pj,;s and Pgg, at least in the domain of validity of the bounds. We
end the paper by a discussion on the implications of this new finding, especially in respect to
CAC algorithms which are based on the assumption that on_off patterns are the worst case.

1 Introduction

Much work has been carried out lately on Connection Acceptance Control algorithms for net-
works with Quality of Service (QoS) guarantees (see [11]). Be it for ATM networks or for the
Integrated Services Internet, traffic flows are described by leaky bucket parameters which in-
clude mean rate m, peak rate p and maximum burst size . One practice found in many CAC
algorithms is the estimation of the maximum amount of resources (bandwidth or buffer space)
a connection with given leaky bucket parameters could utilise. To estimate this utilisation it is
necessary to know what the worst case behaviour of a source with given leaky bucket parameters
is. Here we have to differentiate between correlated and independent sources.

e If sources are correlated, we have to consider the case where they all send a burst at the
same time with the same importance as the case where the bursts are equally distributed.
The correlated case, also referred to as deterministic case, has been extensively studied,
resulting in the theory of network calculus [2],[3],[6] with known worst case patterns for
different study cases [4], [7].

e For the case of independent sources, also called the statistical case, less results have been
published. It is a more rewarding case however, since a large multiplexing gain can be
achieved if the sources are known to be independent. A CAC algorithm for the independent
case can be found in [5]. The same basic idea has been extended in [1] and [12]. In this
paper we only consider the case of independent sources.

The original version of this paper appeared in the 97 UK Workshop on Performance Engineering Of Computer
And Telecommunication Systems (UKPEW ’97). In this version some formulas have been corrected and numerical
results updated accordingly.
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Figure 1: the multiplexer

A common method to analyse the independent case is to use the large deviation theory [8].
It allows to find bounds on probability that a sum of random variables exceeds a given limit.
One of these bounds is the Chernoff bound. It is maximised if the random variables only take
extreme values. It is thus tempting to believe that on_off sources are the worst case traffic
pattern of independent leaky bucket constrained sources, since they maximise this bound. As
we will see, the fact that on_off patterns maximise the probability that the instantaneous rate
of a sum of leaky bucket constrained sources exceeds a limit does not imply that on_off patterns
also maximise the loss rate in a buffered multiplexer.

Our goal is to prove that the on_off pattern is not the worst case pattern in regard both to
cell loss rate and saturation probability.

The rest of this paper is organised as follows. Section 2 describes the experiment we simulated
and for which we want to find the worst traffic pattern. Section 3 describes the traffic patterns
investigated in this paper. Sections 4 and 5 derive bounds for the saturation probability and
the cell loss probability respectively and prove that sym pattern are worse than on_off patterns.
Finally Section 6 discusses the implications of this findings and concludes the paper.

2 The Experiment

We consider a multiplexer with N incoming connections, all described by their leaky bucket
parameters m for mean rate, p for peak rate and b for burst size. The multiplexer has a FIFO
buffer of size X and outputs its traffic on a link with capacity %Z m;. For reasons of stability
p must be smaller than 1.

We consider the homogeneous case where all connections have the same leaky bucket param-
eter. We apply a deterministic periodical pattern to all inputs of the multiplexer and measure
its average cell loss rate and saturation probability. The cell loss rate is defined as the amount
of data lost due to buffer overflow, divided by the amount of data offered to the multiplexer.
The saturation probability is the fraction of time the occupancy of a system with an infinite
queue would be larger than the size of the actual system. Since the same pattern is applied to
all inputs, the only difference between the traffic in the connections is the phase of the patterns.
The connections are assumed to be independent and thus the phases have a uniform random
distribution.

The two traffic patterns we want to compare are the on_off and the sym pattern. An on-off
pattern consists of a burst at peak with size b, followed by a silence of duration b/m after which a
new burst can be sent. The sym pattern looks like an on_off pattern except for two symmetrical
plateaus at mean rate before and after the burst. The sym pattern is parametrised by a form
factor f which expresses the length of the pattern in units of the on_off pattern. The duration
of the burst and silence periods being given, the form factor only influences the length of the
plateaus.
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Figure 2: Cell loss rate and saturation probability as a function of f. For f = 1 the traffic

pattern is an on_off pattern.

on_off
b The maximum allowed burst followed by the
"8 I R shortest period of silence allowing a new
3 burst.
p—m m
sym(f)
A symmetrical pattern which corresponds to
N R an on-off pattern with two plateaus of the
7 same duration at mean rate inserted before

and after the burst. f denotes the length of
the pattern in units of the the length of the
on_off pattern. Note that sym(1) = on_off

2.1 Simulation Results

As an illustration we present simulation results for a system with N = 20, p = 5, m = 1,
b =20, X = 180 and p = 0.99. Figure 2 shows both cell loss rate and saturation probability
as a function of f. Remember that for f = 1 the pattern is an on_off pattern. We see that as
f increases, both measures for loss probability increase and have a maximum for f somewhere
between 3 and 10. This shows that sym patterns can be worse than on_off patterns. The next
Sections will try to formally prove this numerical result, at least for some limited range of the
parameters of the experiment.

3 Saturation Probability P,

In this section we prove that sym patterns can generate a Ps,; higher than on_off patterns by
deriving a lower bound of P, of sym and an upper bound on Pi,; of on_off.

Piqt is defined as the fraction of time during which the occupancy of a virtual system with
an infinite queue is higher than the queue length of the real system. It is an estimation of the
fraction of time during which loss will occur in the real system. Define Pt as an upper bound
on the probability that on_off patterns with a set of random phases generate loss, given buffer
size X, number of connections N and the parameters of the connections m, p, b. Define tT as
the maximum fraction of time during which loss occurs, given that loss does occur. An upper
bound for P,,; is thus :

P < Pttt
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Figure 3: Buffer occupancy in function of time for N sources with phases within a. At the
end of the busy period # + « the buffer occupancy is Nb — aNm. During the busy period
a maximum occupancy of Nb — ap can be reached if N — 1 sources are in phase. Note that
Nb — ap is only larger than Nb — aNm if p < Nm

Similarly, define P~ as the a lower bound of the probability that sym patterns with a set of
random phases will generate loss, and ¢t~ the minimum time fraction during which loss occurs
with probability P~. Py, is thus lower bounded by:

Psge > P17
Our goal is to show that there are cases where
Pt < Pt (1)

thus proving that the on_off pattern is not always the worst case in buffered systems. To
do this we consider the case of a full rate multiplezer, meaning a multiplexer with an output
link capacity equal to the sum of input mean rates. Furthermore we analyse P;,; for buffer sizes
close to the total burst size of all sources. We thus have p=1and X = Nb — ¢ with e < b

3.1 An upper bound for on_off sources

For € = 0 on_off patterns can only fill a buffer of size Nb if all sources have exactly the same
phase. For a small ¢ loss only occurs if all phases are within small interval . P7T is thus
N(%)(N_l) where w is the length of the on_off pattern, equal to m(bﬁm).

We now try to find the maximum « for which a buffer of Nb — € can still be filled. As shown
on Figure 3, when phases are within an interval o the buffer will fill up to Nb — Nma during
the active period. We thus have ¢ = Nma or @ = /. However, buffer occupancy can go above
that level during the busy phase. The maximum occupancy happens if all but one sources are
in phase. In that case buffer occupancy reaches Nb— ap which is greater than Nb— Nma when

p < Nm. €is then equal to ap or a = ;—). Since PT is an upper bound we take the maximum of

and PT = N(ibp;(ﬁ;&?m))(]v_l).

%(a + m) is a simple upper bound of ¢ since during the active period b/(p — m) + «

. C .
both expressions which is o = min(p N7

it takes at least b/(p — m) — y==x

(pe—m)

once the buffer is full. We thus have:

time to fill the buffer up to X — ¢ and loss can only occur

a\N-1) €
Pt :N<;> g_lj(a+7N(p—m,))
—m)m \V min m
lﬁﬁ:<§%mg%@>(N+—%%%J) 2)
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Figure 4: Buffer occupancy resulting of two sym with different phases. As long as the phase
difference is smaller than w% the buffer will fill up to Nb

3.2 A lower bound for sym sources

As can be seen from Figure 4, sym patterns can fill a buffer of size Nb only if all phases are within
an interval of # which is equal to w%, f being the form factor of the pattern, or its length
in units of the on_off pattern. For any e, N(f—f)(N_l) is thus a lower bound for the probability
of loss occurring. If all phases are in an interval of 3, the buffer will eventually reach Nb. The

shortest time to go from Nb — € to Nb is m (all sources at peak rate). The shortest time
to empty the buffer from Nb to Nb— € is 17— (all sources at zero). A lower bound of fraction
of time where the buffer occupancy is above Nb — € is thus f%Wp—m)' We thus have:
(N-1)
P‘f‘:]V(lz) P
fw JwNm(p—m)
1\ (N-1)
Pt = <1———) < (3)
2f fb

3.3 Comparing the bounds

To prove that the sym pattern can be worse than the on_off pattern we need to show that there
exist cases where P™t~ > PTt%t or in other words:

(" ) e

We can rewrite 4 depending on the result of min(p, Nm)

(4)

(L )\

ponm (S7) 5 > () ®)
(-1 (N=1) 1 e(p—m)m (N=1) N(p—m)m+ pm

p< Nm: <7) } > <T) 2 (6)

We first see that there is still a free parameter f in the left hand side of the equations.
We can arbitrarily chose f to be 2, which makes the left hand side (%)(N_l)%, a small positive
number. Second and more important, we see that the right hand side of the equation can be
made arbitrarily small by choosing € small enough (or p large enough or (p — m) small enough).
This proves that there are cases in which the lower bound of Pj,; of a multiplexer fed by sym
patterns is higher than an upper bound of F;,; of the same system fed by on_off patterns, QED.
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Figure 5: bounds and simulated Ps,; as a function of f

3.4 Numerical Results

For a numerical validation of the above result we first examine the example simulated in [10]
for a full rate multiplexer. The parameters where the following: N =20, p=5, m =1, b = 20,
and p = 1. We chose f = 2 for the reason cited above and a small ¢ equal to 10 (X = 390). We
are in the case where p < N'm thus we refer to equation 6 and find

9.09107" > 2.4510"%

which confirms that at least for small values of € the sym pattern produce a higher saturation
probability than on_off patterns. Unfortunately, the values are too small to be verified by
simulation. However we can chose example for which it will be possible. Take N = 8, p = 2,
m =1,b=20, and p = 1. We plot Ps,; in function of f for e = 10 (X = 150).

Taking equation 4 and replacing the given parameters we find

f-1.1 7

The right hand side is the upper bound for P;,; for on_off patterns while the left hand side
is a lower bound of P;,; for sym patterns in function of the form factor f. Figure 3.4 shows
both bounds as a function of f as well as simulation results of Ps,; for this example. We see
that for f between 1.5 and 20, the lower bound for sym patterns is higher than the upper bound
of on_off patterns, proving that sym pattern can be worse than on_off patterns. The result is
confirmed by the simulation which shows P, to be 6 107'0 for the on_off pattern and 3 1073
for sym pattern with form factor of 10.

4 Cell Loss Rate P,

Having proven that on_off patterns are not the worst case in a buffered multiplexer with regard
to the saturation probability, we now try to prove the same for the cell loss rate Pj,ss. The cell
loss rate is defined as the amount of data lost due to buffer overflow divided by the amount of
data offered.

Again, we identify an upper bound for P}, of the on_off pattern and a lower bound for P,
of the sym pattern. We decompose Pj,s, into P/t and P~I~ accordingly, where P is a bound
on the probability that loss occurs and [ is a bound on the loss rate, given that loss occurs.

35/6



4.1 An upper bound for on_off sources

Using the same reasoning as for P,,; we find the same probability PT that loss can occur, namely

Pt = N( bpen(ﬁ;(gl,)]glm) ) (N=1) :

€ Nbp

An upper bound of the loss rate that can occur is &, where B = ——2< is the total amount
B (p—m)

of data transmitted during one period. We thus have:

_(_cp—mpm NIV e(p—m)
Pt = (bp min(p, Nm)) bp 0

4.2 A lower bound for sym sources

Again, using the same reasoning as with Fj,; we know that N(fQ—_fl)(N_l) is a lower bound of
the probability that loss occurs. In fact it is the probability that a loss of exactly ¢ occurs, thus

% is a lower bound for the amount of loss. Note that for sym patterns, the amount of data

transmitted per period is B = (J;]fgf) We have:

R <f - 1)““) e(p —m)

of Fop (8)

4.3 Comparing the bounds

For P~1~ to be greater than P*[* the following condition must hold:

<f_ 1)(N—1) (p—m) g < e(p— m)m )(N—l) e(p — m)
2f fop bp min(p, Nm) bp

Decomposing and simplifying for both outcomes of min(p, Nm) we find:

f- 1)(N_1) 1 <e(p - m))(N_l)
Nm: [ ¥—— - T 1
p>Nm: (5 F 7\ (10
f- 1)(N_1) 1 (e(p - m)m)(N_l)
< D= = N
p< Nm < i 7 > b (11)
Again we can chose f to be 2, such that the left hand side becomes (i)(N_l)%, a small

positive number. The right hand side can be made arbitrarily small by choosing ¢ small enough,
thus proving that there are cases where on_off patterns can not generate a higher cell loss rate
than sym pattern, QFED.

4.4 Numerical Results

Again we first look at the example simulated in [10] for a full rate multiplexer with parameters
N=20,p=5,m=1,b=20,p=1, f =2 and € = 10. Note that p < Nm, we thus we refer to
equation 11 and find

7.62107% > 5.76 10~ 22

which confirms that at least for small values of ¢ the sym pattern produce a higher cell loss
rate than on_off patterns. The values being too small to be verified by simulation we turn to
the example of Section 3.4 with N =8, p=2, m =1, b = 20, and p = 1. We plot the cell loss
rate in function of f for e = 10
Taking equation 9 and replacing the given parameters we find
f-1.1

-7
(—5370 7> 11910
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Figure 6: bounds and simulated cell loss rate as a function of f

The right hand side is the upper bound for P}, for on_off patterns while the left hand side
is a lower bound of P}, for sym patterns in function of the form factor f. Figure 6 shows both
bounds as a function of f as well as simulation results of Pj,ss for this example. We see than
for f between 1.5 and 20, the lower bound for sym patterns is higher than the upper bound
of on_off patterns, proving that sym pattern can be worse than on_off patterns. The result is
confirmed by the simulation which shows Py,,s to be 1 1071° for the on_off pattern and 1.0 104
for sym pattern with form factor of 10.

5 Conclusions

We have given a formal proof that the on_off pattern is not the worst case pattern for independent
leaky bucket constrained sources feeding a buffered multiplexer. We have proven that the sym
pattern can generate more loss, be it measured as cell loss rate or probability of saturation.
This result stands in opposition with the general belief and a formal proof ([9]) that on_off is
the general worst case. Here is an explanation for the diverging results:

The proof in [9] proves that on_off is the worst case a bufferless multiplexer by means of
the large deviation theory. This is a result of large deviation theory and is one of the reason
for the general belief that on_off sources are a general worst case. The proof is extended to
the bufferful multiplexer by using a transformation of a bufferful multiplexer into an equivalent
bufferless one described in [5]. This transformation is very appealing since it reduces a two
resource problem (buffer and bandwidth) into a single resource one. Without going into the
details of that transformation we note that it hinges on a decomposition of the multiplexer into
virtual trunk/buffer systems which are all allocated slices of the total bandwidth and buffer
space. The buffer occupancy in each trunk/buffer system is then upper bounded by its maximal
value during the periods where the buffer is not empty. This procedure is conservative in that
the set of virtual trunk/buffer systems with bounded buffer usage can only generate more loss
that the actual multiplexer. We conjecture that the on_off source may indeed maximise the loss
in this conservative virtual systems but since the loss in the actual multiplexer can be smaller,
another traffic pattern may still generate more loss than on_off in the real system. Because of
this conservative upper bound one can not use the transformation of the buferfull multiplexer
into a bufferless one to prove that bufferfull and bufferless multiplexers have the same worst case
traffic pattern.

Being conservative, the decomposition into virtual trunk/buffer system is still a valid method
for Connection Acceptance Control, even if it is not based on the actual worst case pattern.
Building a CAC algorithm on sym patterns would be much harder since we would first have to
devise a method of finding the f wihch maximises the loss probability.

Our proof is done by showing the existence of counter examples in a particular range of
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parameters (capacity of the multiplexer equal to the sum of mean input rates, large buffer).
However, this does not imply that sym patterns are only worst than on_off patterns in these
situations. It is rather a consequence of our upper and lower bounds having been derived and
being valid in this range. Simulations show that sym patterns generate more loss in a much
larger range of the parameters of the experiment. There are also parameters for which on_off
actually is the worst case. There is no contradiction between this and our results since the on_off
pattern is just a sym pattern where f is equal to 1. Interesting further work would be to identify
the range of parameters for which on_off really is the worst case.
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